INTRODUCTION
Let 9 be a property which distinguishes a subset of the lattice of subgroups of a finite group G; the distinguished subgroups are called the g-subgroups of G. A subgroup H of the finite group G is called g-sensitive in G if and only if
(1) N a P-subgroup of G implies that N n H = H or N n H is a g-subgroup of H, and (2) K a Y-subgroup of H implies that there exists a P-subgroup N of G such that N n H = K.
In particular, if M a maximal subgroup of G implies that M n H = H or M n H is a maximal subgroup of H, and M* a maximal subgroup of H implies M* = M n H for some maximal subgroup M of G, then H is called maximal sensitive in G. The purpose of this work is to characterize those finite solvable groups in which every normal subgroup is maximal sensitive and those finite groups in which every subgroup is maximal sensitive.
Along these lines H. Wielandt [7] h as studied finite groups which have subnormal sensitive p-Sylow subgroups. Such groups are precisely those finite groups which are either p-solvable of p-length 1 or p-simple of order mp with (m, p) = 1. These results were generalized by Graf [2] for finite groups with a subnormal sensitive Hall subgroup. Kegel[6] has studied those subgroups of a finite group which are p-Sylow sensitive for each p belonging to a set of primes n. Kegel called such a subgroup a w-subnormal subgroup of of G. He showed that every subgroup of a finite group is n-subnormal if and only if the n-elements generate a normal nilpotent Hall subgroup of the group. Huppert [4] has shown that if F is a certain type of saturated formation and G is a solvable group with F-projector F, then the following statements are equivalent: (a) F is normal sensitive in G. (b) 
MAXIMAL SENSITIVITY
This first section is devoted to the basic properties of the maximal sensitivity relation. The results of this section are easy to verify and for brevity the proofs have been omitted. DEFINITION. The subgroup H of the group G is said to be maximal sensitive (MS) For any finite group G, G itself in MS is G and (1) is also MS in G.
However, the set of MS subgroups of a group G is generally much larger than the set {G, (1)); for if H is any minimal subgroup of G not contained in 4(G), the Frattini subgroup of G, then H is MS in G. Whenever G = H @ K with (j H j, 1 K I) = 1 then both H and K are MS in G, thus any group is a maximal sensitive subgroup of some larger group. Some of the basic results on maximal sensitivity are: LEMMA 1. Let H # (1) 
PROOF OF THEOREM I
In the beginning we note that a group G is called a t-group if every subnormal subgroup of G is a normal subgroup of G. A complement K of the subgroup H of G is a subgroup of G such that G = HK and H n K = (1) .
The proof of Theorem 1 is now given as two lemmas. LEMMA 7. Let G be a solvable group in which every normal subgroup is maximal sensitive in G. Then G is a t-group and every subgroup of G has a complement.
Proof. We observe first that 4(G), the Frattini subgroup of G, being a normal subgroup of G, is MS in G. Hence 4(G) = (1).
(a) G is a t-group: Let K be a subnormal subgroup of G. Let H be the smallest normal subgroup of G which contains K. If K = H, then K is a normal subgroup of G; hence we suppose that K < H. Since K is subnormal in G, K is contained in some proper normal subgroup of H. Let is an immediate consequence of (a).
(c) Fit(G), the Fitting subgroup of G, is elementary abelian and has a complement in G: Since fit(G) is a normal subgroup of G, it follows that +(fit(G)) < 4(G) = (1). Hence fit(G) is-elementary abelian. Since fit(G) is an abelian normal subgroup of G and$(G) = (11, it follows that fit(G) is complemented [5, III, 4.41 .
VENZKE (d) Any complement of fit(G) is elementary abelian:
Let H be a complement for fit(G) (i.e., G = H fit(G) and H n fit(G) = (1)). Since G is supersolvable, fit(G) > G' and hence H is abelian. Let W = 4(H) fit(G). Since fit(G) > G', W 3 G', and hence W is a normal subgroup of G. Suppose q%(H) # (1); then W > fit(G) and hence there exists a maximal subgroup M* of W such that M* >, fit(G). W is a normal subgroup of G and thus is MS in G. Let M be a maximal subgroup of G such that M n W = M*. Now M 3 M* > fit(G) > G'; hence M is a normal maximal subgroup of G and j G : M 1 = q for q a prime. Since M > H, it follows that G = MH and so p=IG:MI=jH:MnHI.ThereforeMnHisamaximalsubgroup of H and hence M n H >, +(H). But now M > W which is contrary to the choice of M. Therefore, 4(H) = {I} and H is elementary abelian.
(e) G has elementary abelian p-Sylow subgroups: Let p be a fixed prime. Let R be a p-Sylow subgroup of fit(G) and let S be a p-Sylow subgroup of H, where His some complement of fit(G). R is a normal subgroup of G and RS is a p-Sylow subgroup of G. Since 4(G) = {I}, it follows from a theorem of Gaschiitz [5, III, 4 .51 that fit(G) is the direct sum of some minimal normal subgroups of G. Therefore, R is the direct sum of some minimal normal subgroups of G, say, R= @x(A,:Ai is a minimal normal subgroup of G>.
Since G is supersolvable, 1 Ai I = p, and hence Ai < Z(RS), the center of RS. Therefore, R < Z(RS) and RS = R @ S. Since both fit(G) and H are elementary abelian, R's is also elementary abelian. Therefore, G has elementary abelian p-Sylow subgroups.
(f) Every subgroup of G has a complement: Using a result of Hall [3, Theorem 21 we get from (b) and (e) that every subgroup of G is complemented.
In proving the converse we use the following characterization of solvable t-groups given by Gaschiitz [l. Satz 11. THEOREM 3. If G is a solvable t-group with G/L the largest nilpotent factor
Hall subgroup, and (e) the inner automorphisms of G induce powers n on L, (n, IL I) = 1, such that to each p dividing 1 L 1 there exists an n with n + 1 modp.
LEMMA 8. The solvable group G has every normal subgroup maximal sensitive in G whenever G is a t-group and every subgroup has a complement.
Proof. Let G be a solvable t-group in which every subgroup has a complement. Suppose that any such group of smaller order has all of its normal subgroups maximal sensitive in itself. From this it follows that every proper normal subgroup of G has each of its normal subgroups MS in itself. Let N be a maximal normal subgroup of G. 
PROOF OF THEOREM 2
In proving Theorem 2 we first show that statement (3) implies statement (1). Since statement (1) trivially implies statement (2), it is then only necessary to prove that statement (2) implies statement (3). The next lemma follows directly from Theorem 1.
LEMMA 9. If A is an elementary abelian group, then every subgroup of A is maximal sensitive in A.
LEMMA 10. Let G = PQ, where P is an elementary abelian group of order pk, Q is a group of order q which acts as a nontrivial group of power automorphisms on P, and p and q are distinct primes. Then every subgroup of G is maximal sensitive in G.
Proof. (a) Every subgroup of P is a normal subgroup of G. Let H < P and h E H. If x E G, then x = ab with a E P and b EQ. Since P is abelian and Q induces power automorphisms, h" = hab = hb = h" for some integer n. Therefore, h" E H and H is a normal subgroup of G.
Since j G 1 = pkq, any subgroup of G has order piqi, where 0 < j ,< k and i = 0 or 1. Since P is normal in G, it follows that any subgroup H of G is either contained in P or H = H,p where HI < P and p is some conjugate of Q. Suppose that H < P. Since H < P, so also is H* < P. Since P is elementary abelian, H has a complement K in P. Let M = KH*Q. Since K and H* are contained in P, KH* is a normal subgroup of G and hence M is a subgroup of G. We also see that / M / = p"-lq so that M is a maximal subgroup of G. If M 2 H, then M > HKQ = PQ = G and hence M > H. Therefore we have M n H = H*.
It now follows from (a) and (c) that every subgroup of G is maximal sensitive in G. Then every subgroup of G = Gl @ G, is maximal sensitive in G.
Proof. Since Gi is solvable and every subgroup of G, is MS in Gi , it follows from Lemma 7 that each subgroup of Gi has a complement. Hence by [3] , every subgroup of G has a complement and G is supersolvable. The maximality of H* in H implies that M n H = H*.
Therefore, in any case there exists a maximal subgroup M of G such that M n H = H*. It now follows that every subgroup of G is maximal sensitive in G. Proof. Let G = G/4(G), P = P4(G) /4(G) and N = No(P) #(G)/+(G). By Lemma 2, H and N are both MS in G. From Lemma 1 it follows that p is elementary abelian. Let i? be any maximal subgroup of P. Since P is MS in G, there exists M a maximal subgroup of G such that iiZ n P = I?. As &!i cannot contain N, and N is MS in G, we see that M n N <: N and --N=P(MnN). R = &!I! n p = M n B n N = p n (M n N). Since P is a normal subgroup of N, R is a normal subgroup of M n N. Since P is abelian, i? is a normal subgroup of P; hence R is a normal subgroup of N. If A is any subgroup of p, then d = n {a : p :> R > A) and it follows that a is a normal subgroup of N.
Let 7 E N and XE P. (x) is a normal subgroup of N, so that 7 induces an automorphism (Y on (5) . Since / x / = p, ( 01 I/p -1. Since 7 induces a, 1 01 l/I 7 I. It follows from p being the smallest prime dividing / G I, that j 01 / = 1. Hence 7 centralizes 3 and, therefore, 7 E C&X) for any P E p. It now follows that P < Z(m) and by the well-known result of Burnside, G is p-nilpotent.
By the theorem of Feit and Thompson, G, beingp-nilpotent for the smallest prime dividing its order, is solvable and hence G is solvable.
A subgroup H of the group G is said to be pronormal in G, whenever H and any of its conjugates are already conjugate in their join. It is easily shown, when K is a normal subgroup of G with K < H < G, that H/K is pronormal in G/K if and only if H is pronormal in G. Proof. This proposition will be proven by induction on the order of G.
Sylow subgroups and their normalizers are pronormal subgroups, hence by Lemma 12, G is a solvable group. Normal subgroups are pronormal, hence by Theorem 1, G is a t-group and every subgroup has a complement.
If G/L is the largest nilpotent factor group of G, then, since every subgroup of G has a complement, G/L is abelian and hence L = G'. If G' = {l}, then take G = G* = A and we are done; thus we suppose G' # (1). By Theorem 3, G' is an abelian Hall subgroup of G. Let P be a p-Sylow subgroup of G contained in G'. Since G is a t-group and G' is abelian, P is a normal subgroup of G. Two cases are now distinguished.
Case I. C,(P) = P. As every normal subgroup of G is MS in G, B(P) = (11, and P is elementary abelian. Let Q be a complement of P in G. Co(P) = P, implies that P = G' and, by Theorem 3, Q induces nontrivial power automorphisms on P. As C,(P) = P, Q inducing power automorphisms on P implies that no nontrivial element of Q centralizes a nontrivial element of P. It follows that if Q # p, with x E G, then Q n p = (1) . Let H=(p: x E G). H is a normal subgroup of G and has a complement S in G. Since H > Q, S < P and hence S 4 G. We now see that H centralizes S; therefore, S = (1) and G = (8" : x E G).
Let M be a maximal subgroup of G such that M 3 Q, since G = (p : x E G), there is some conjugate p of Q so that M 3 p. p is also a p-complement of G, hence Q" is MS in G. Therefore, M n p is a maximal subgroup of p. (M n p)z < Q for some x E M. If 8"" = Q, then p = Q-' < M, contrary to the choice of a. Hence s"" # Q and
